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ABSTRACT: N = 6 superconformal Chern-Simons theory with gauge group U(M) x U(N)
is dual to N M2-branes and (M — N) fractional M2-branes, equivalently, discrete 3-form
holonomy at C*/Z;, orbifold singularity. We show that, much like its regular counterpart of
M = N, the theory at planar limit have integrability structure in the conformal dimension
spectrum of single trace operators. We first revisit the Yang-Baxter equation for a spin
chain system associated with the single trace operators. We show that the integrability by
itself does not preclude parity symmetry breaking. We construct two-parameter family of
parity non-invariant, alternating spin chain Hamiltonian involving three-site interactions
between 4 and 4 of SU(4)g. At weak ‘t Hooft coupling, we study the Chern-Simons
theory perturbatively and calculate anomalous dimension of single trace operators up to
two loops. The computation is essentially parallel to the regular case M = N. We find
that resulting spin chain Hamiltonian matches with the Hamiltonian derived from Yang-
Baxter equation, but to the one preserving parity symmetry. We give several intuitive
explanations why the parity symmetry breaking is not detected in the Chern-Simons spin
chain Hamiltonian at perturbative level. We suggest that open spin chain, associated with
open string excitations on giant gravitons or dibaryons, can detect discrete flat holonomy
and hence parity symmetry breaking through boundary field.
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1. Introduction

In continuation of remarkable development by Aharony, Bergman, Jafferis and Malda-
cena (ABJM) [fl], Aharony, Bergman and Jafferis (ABJ) [B] identified further examples of
AdS/CFT correspondences: three-dimensional N = 6 superconformal Chern-Simons the-
ory with gauge group U(M )y X W_ > Where k denotes the Chern-Simons level, is dual to
Type IIA string theory on AdS, x CP? [J] with Bys holonomy turned on over CP; C CPs.
For consistency with flux quantization of Ramond-Ramond field strengths, the Byg holon-
omy is not arbitrary but takes a value in Zj (measured in string unit). From M-theory
viewpoint, the gravity dual background descends from AdS, x S7/Z;, once M-theoretic dis-
crete torsion is turned on over a torsion 3-cycle in S7/Z;. The corresponding torsion flux
takes a value in H*(S7/Zy,7Z) = Zj. In the limit M — N, these discrete fluxes are turned
off and the new correspondence [P] is reduced to the correspondence identified earlier [fl]].!

The purpose of this paper is to show that, much the same as the ABJM theory [{, ], the
ABJ theory also exhibits integrability structure in the spectrum of anomalous dimensions
for single trace local operator.? By extending the computations of [[f], we shall find that the
spin chain Hamiltonian that governs two-loop operator mixing and anomalous dimensions
in ABJ theory is essentially the same as that of ABJM theory modulo suitable change of
perturbative coupling parameters.

We organized this paper as follows. In section 2, in comparison with the ABJM theory,
we list several new features of the ABJ theory that will be directly relevant for the quest

In [E], the authors also proposed AdS/CFT correspondence for orientifold variants with A/ = 5 su-
perconformal symmetry. In what follows, for concreteness, we shall focus on the subsets with N' = 6
superconformal symmetry. Lagrangian of these superconformal field theories were previously studied in [E]

2For other important works on integrability structure at the weak coupling limit, see [ﬂ, E]



of integrability structure. In section 3, we revisit the derivation of integrable spin chain
from Yang-Baxter equations. We emphasize that parity symmetry of the spin chain is
broken in general. We construct the most general parity non-invariant, integrable spin
chain Hamiltonian and show that, up to overall scaling, there are two-parameter family
of Hamiltonian. In section 4, we compute operator mixing and anomalous dimensions of
single trace operators at two loops. We find that the resulting Chern-Simons spin chain
Hamiltonian coincides with the spin chain Hamiltonian derived from Yang-Baxter equation.
In fact, the Hamiltonian is exactly the same as the Hamiltonian for ABJM theory [H, [,
except that the coupling parameter N2 in the ABJM theory is now replaced by M N. In
section 5, we offer several arguments why the spin chain Hamiltonian does not detect parity
violation effect of the Bng holonomy and illustrate them by studying giant magnon. We
also suggest that the discrete holonomy may be visible for an open spin chain associated
with open string attached to giant graviton or dibaryon operators.

2. Aspects of ABJ theory

In the ABJ theory, since the number of fractional branes is a new parameter added to the
ABJM theory, there are three coupling parameters, M, N, k. In contrast to N/ = 4 super
Yang-Mills theory, a unique feature of the ABJ theory (as well as ABJM theory) is that
the coupling parameters are all integer-valued. In this section, we elaborate several notable
aspects of the ABJ theory that will become relevant for later investigation of integrability.
For these, we shall take the generalized ‘t Hooft planar limit (in the convention M > N):

N5 (M - )
k’ k

though some of the results are extendible beyond this limit. Among these, the parameter

M, N, k— o0 with A %,

b

fixed , (2.1)

b parity-odd and measures parity symmetry breaking effects in ABJ theory.
In this section, we elaborate several salient features of the ABJ theory that will become
directly relevant for our foregoing investigation on integrability structure.

e From the viewpoint of M2-branes probing C*/Z; orbifold singularity, the ABJ theo-
ries arise when, in addition to N M2-branes, (M — N) fractional M2-branes are local-
ized at the orbifold singularity. In the much studied situation of N D3-branes probing
M5 /T orbifold singularity, adding fractional D-branes [fl, [LlJ] at the orbifold singular-
ity [T, led to running of otherwise constant gauge coupling parameter and hence
to loss of the conformal invariance. This implies that, in the large N limit, gravity
dual background is deformed away from AdSs x M;/T [13, [[4]. In the ABJ theories,
even though fractional M2-branes are introduced, the supergravity background is not
deformed at all and retains AdS,; x S7/Z;. We can understand this curious feature
from noting that the gauge-gravity correspondence at hand involves superconformal
Chern-Simons theories. In the latter theories, coupling parameters M, N,k are all
quantized to integer values. Therefore, at quantum level, these coupling parameters
cannot possibly run under renormalization group flow. As such, we expect that opera-
tor mixing and anomalous dimensions of gauge invariant composite operators are still



organized in the planar limit M, N — oo as an analytic perturbative series expansion
3

of the ‘t Hooft coupling parameters (R.1) within finite radius of convergence.

e Introducing fractional M2-branes or turning on Bys holonomy, the parity symmetry
is broken in the supergravity dual background and, in accordance with AdS/CFT cor-
respondence, in the superconformal Chern-Simons theory. Apparently, parity trans-
formation maps the Chern-Simons parameters by k to —k while holding M, N fixed.
In the planar limit (21)), this maps b to —b while holding A, X fixed. We recall that
the parity symmetry P in ABJM theory was defined as, under 2™ — —z™,

P: (Am, A, YL Y)Y = (“A, —An, Y], YY), (2.2)

In particular, since Y YIT, the parity exchanges the two isomorphic gauge groups,
U(N) and U(N). In the corresponding spin chain, this was identified with interchange
of two interlaced chains of 4’s and 4’s. From the viewpoint of SU(4) symmetry, this
is equivalent to charge conjugation. As such, the above (2 4 1)-dimensional parity

transformation acts on the spin chain as (1 + 1)-dimensional parity transformation:
P: Tyhyl vyl - myhy] vhy)) (23)

Hence, under this generalized parity transformation, the ABJM theory and the cor-
responding spin chain were manifestly invariant. Now, in the ABJ theory, the above
parity transformation cannot possibly be a symmetry since, among others, the two
gauge groups are different and cannot be exchanged. In fact, as we shall see below,
the parity maps one ABJ theory with a given gauge group to another with differ-
ent gauge group. Therefore, the newly identified correspondences of the ABJ theoy
offer an excellent playground for exploring physics associated with parity symmetry
and its breaking. In the quest of the integrability, this also raises very interesting
issues: Is integrability compatible with parity symmetry breaking? Is parity symme-
try breaking always reflected in the associated spin chain system? If so, what kind of
spin chain Hamiltonian and higher conserved charges does it lead to? How visible is
the parity symmetry breaking effect at weak and strong ‘t Hooft coupling regimes?

In the ABJM theory, the parity transformation mapped the theory to itself, viz. par-
ity invariant. In ABJ theory, the parity transformation relates one theory to another
in a rich manner. To see this, recall that the ABJ theory with U(M ), x U(N) _ & gauge
group is realizable via regular and fractional D3-branes threading between two dia-
metrically separated (p,q)-branes of charge (1,0) @ (1,k). If we adiabatically move
(1,0)-brane and (1, k)-brane relatively and exchange their locations, the (M — N)
fractional D3-branes will disappear on one interval of the two (p, ¢)-branes and the
k—(M —N) fractional D3-branes are created on the other interval [[[@, [7]. Therefore,

the original D3-branes My & N_j, is transformed to the one Ny @ (N+k— (M —N))_k.

3Recall that, in N/ = 4 super Yang-Mills theory, the radius of convergence of planar expansion is

1Al =7 [ig).



Combining also with the parity transformed theory, we then have equivalence rela-
tions:

UM), x UN)_, ~ UN), x UGN =M +Fk)_, ~ UN),xUM)_,. (2.4)

Notice that the relation is entirely among Chern-Simons theories. In particular, the
middle theory is always strongly coupled, since the ‘t Hooft coupling of the second
gauge group is always great than unity. This is exciting; in the quest of integrability
and its interpolation between weak and strong coupling limits, the above equivalence
relations may provide a new useful trick to extract physical observables such as (gen-
eralized) scaling functions not just at weak and strong ‘t Hooft coupling limits but
also at O(1) regimes (albeit the drawback that these are all in lower-dimensional field
theories).

e The number of fractional M2-branes is not arbitrary but is limited to 0 < (M — N) <
k. This is most clearly seen from decoupling limit of (M — N) many fractional M2-
branes from N many regular M2-branes. Low-energy dynamics of the fractional brane
is described by A = 3 supersymmetric pure Chern-Simons theory with gauge group
U(M — N)g. Quantum mechanically, the Chern-Simons level k of this theory ought to
remain the same. This can be understood, for example, from the brane construction
mentioned above: at all scales of D3-brane dynamics, the (p, g)-brane charges are held
fixed. But such a non-renormalization property turns out possible only if (M — N) <
k. To see this, we can sequentially integrate out superpartners of the gauge fields first
and then the gauge field. The first step yields a bosonic pure Chern-Simons theory
with gauge group U(M — N) where k' = k— (M — N)sign(k). The second step shifts
the Chern-Simons level further to k" = k' + (M — N)sign(k’). We see that the Chern-
Simons level at quantum level k” remains the same as the classical one k if and only
if (M — N) < k. Stated in the planar limit (.I)), this quantum consistency restricts
the parity-odd coupling parameter b to take values less than unity. In particular, in
the strong coupling limit where supergravity dual description is effective, we expect
that parity symmetry breaking effect is completely invisible since b < X, \.

e AdS/CFT correspondence asserts that gauge invariant, single trace operators in the
ABJ theory are dual to free string excitation modes in AdS, x CP? with Byg holon-
omy over CP!| valid at weak and strong ‘t Hooft coupling regime, respectively. In
particular, conformal dimension of the operators should match with excitation energy
of the string modes.? As summarized in the appendix, the ABJ theory with gauge
group U(M) x U(N) is not much different from the ABJM theory: it possesses N = 6
superconformal symmetry with SO(6) ~ SU(4) R-symmetry and contains two sets of
bi-fundamental scalar fields Y/, YIT (I =1,2,3,4) that transform as 4,4 under SU(4)

and as (M,N) and (M, N) under the gauge group U(M) x U(N). Therefore, the

4(Classical integrability of semiclassical string on AdSs x CP® was argued in [@7@, E] We find that,
even though discrete Bns holonomy is turned on, integrability extends trivially.



single trace operators still take the form:

O =T(Yhy] - yieyl e

=Te(yjyh ... v] vinohe (2.5)
where now Tr and Tr refer to trace over U(M) and U(N), respectively. The chiral
primary operators, corresponding to the choice of (2.5) with CIJ;V:'IJLL totally symmet-
ric in both sets of indices and traceless, form the lightest states. They correspond to
the Kaluza-Klein supergravity modes on gravity dual background. Since the gravity
dual of the ABJ theory is still the same as the ABJM theory, viz. AdS; x CP3, ABJ
claims that the spectrum of non-baryonic chiral primary operators is independent of
(M — N) and hence b.> This entails an interesting question: is the spectrum and the
spectral distribution of all single trace operators, not just chiral primary operators,
independent of b7

3. Integrable spin chain from Yang-Baxter

Given the distinctive features as above, does the ABJ theory also exhibit an integrability
structure? If so, since the ABJ theory is parity non-invariant, we must address if integra-
bility structure is compatible with parity symmetry breaking. Paying attention to this, in
this section, we revisit derivation of the spin chain Hamiltonian associated with the single
trace operators (R.5).

Operator mixing under renormalization and their evolution in perturbation theory is
describable by a spin chain of total length 2L. From the structure of operators (R.5), we
see that the prospective spin chain involves two types of SUg(4) spins: 4 at odd lattice
sites and 4 at even lattice sites. Since we are dealing with gauge invariant operators, these
considerations are independent of actual values and relations of M, N in so far as they are
taken to the planar limit, M, N — oo. It is thus natural to expect that the prospective
spin chain is again the same ‘alternating SU(4) spin chain’ of interlaced 4 and 4 as that
featured in the ABJM theory [{, [

Identification of prospective spin system starts with solving inhomogeneous Yang-
Baxter equations of SUg(4) P-matrices with varying representations on each site. Fol-
lowing the general procedure 3], the Yang-Baxter equations were solved in [, ff]. In this
section, we shall repeat the procedure of [[j] and emphasize that the putative SU(4) spin
chain is the ’alternating spin chain’ involving next-to-nearest neighbor interactions and
that the integrable spin chain extracted from the Yang-Baxter equations in general breaks
the parity symmetry.

As the elementary constituents are in the representations 4,4 of SU(4)g, we start with
R-matrices R%4(u) and %4 (u), where the upper indices denote SU(4) representations of
two spins involved in ‘scattering process’ and u, v denote spectral parameters. We demand

5ABJ argues that spectrum of baryonic chiral primary operators depends on b, so deviates from the
ABJM theory. We shall revisit excitation of baryonic operators later in section 5



these R-matrices to satisfy two sets of Yang-Baxter equations:

i () R () R () = () R () R0 — ) (3.)
R (u — v) R (w) R35 (v) = R (v) R (w) R (w — v) (32)

Here, the lower indices 4, j denote that the J} matrix is acting on i-th and j-th site V; ® V;
of the full tensor product Hilbert space Vi @ Vo ® --- ® Vor. We find that the R-matrices
solving (B.1)), (B-9) are the well known ones:

R (u) =ul + P and ") =—(u+2+a)l+K (3.3)

where « is an arbitrary constant to be determined later. Here, we have introduced identity
operator I, trace operator K, and permutation operator PP:

I 1, Iy <1, I 1, ) I 1, Iy <1,
(Ixe) sy g, = 6729, (Kre) fof, = 67105,4, (Pre) g g, = 0405, (34)

acting as braiding operations mapping tensor product vector space Vi ® V; to itself.
Similarly, we also construct another set of R-matrices %li(u) and 9‘{‘14(u) for ’scattering

process’ of the specified quantum number constituents. They will generate another alter-

native spin chain system. Demanding them to fulfill the respective Yang-Baxter equations:

R (0) R (u) R (u — )
R (v) R (u) R (u — v)

R (1 — v) R (1) B3 (0)
R (u— v) Riz (u) Ra3 (v)

we find that the solution is given by

R4 =ul+P  and R¥w) =—-(u+2+a)l+K, (3.7)

where & is an arbitrary constant.

In the two sets of Yang-Baxter equations, the constants «, & are undetermined. We
shall now restrict them by requiring unitarity. The unitarity of the combined spin chain
system sets the following conditions:

W) =o) I (3.8)

where p(u) = p(—u), p(u) = p(—u),o(u) are c-number functions. It follows that the first
two unitarity conditions are indeed satisfied for any «, &, while the last unitarity condition
is is satisfied only if @« = —a. Without loss of generality, we shall set « = —a = 0.

Viewing (R.§) as 2L sites of alternating 4 and 4 in a row, we introduce monodromy
T-matrix

Ty(u. a) = KRG ()RE (u + )RE (WRGE (w+a) - Ry 1 (RGL(u+a),  (3.9)
for one alternating chain and another monodromy T-matrix

To(u,a) = Rt (u+ a)RE ()R (u + )R (u) - R, (u+ )R (), (3.10)



for the other alternating chain. The spectral parameters a, a are a priori independent since
the two spin chains are independent. Yet, intuitively, we expect they are related each
other since every lattice site of the inhomogeneous spin chain must have a unique spectral
parameter. For now, we shall proceed without a priori such an input and verify that the
two are indeed related as an outcome of derivation of the Hamiltonian. Both monodromy
T-matrices are defined with respect to an auxiliary zeroth space. These monodromy T-
matrices can be shown to fulfill the Yang-Baxter equations:

RS (u — v)To(u,a)Ty (v,a) = Ty (v,a)To(u, )Ry (u —v), (3.11)
R (u — v)To(u,@)To (v,a) = T (v,a@)To(u,d)Rag (u —v). (3.12)

and
9‘%6161/ (u—v+a)Ty(u,a)Ty (v, —a) = Ty (v, —a)To(u, a)i)‘igall (u—v+a). (3.13)
We also define transfer matrix by taking trace of the T matrix over the auxiliary space:
2y, a) = Io‘r To(u,a). (3.14)

and
7l (4, a) = To‘r To(u,a). (3.15)

It then follows from the Yang-Baxter equations that

[Talt( ,a),Talt(U,a)] =0
7l (u,a), 7" (v,a)] = 0, (3.16)
and
[Talt(u, a),falt(v, —a)]=0. (3.17)

Here, in the first two equations, a,a are arbitrary and denote two undetermined spectral
parameters. These parameters are restricted further if we demand the last equation to
hold. We showed in [[§] that the two alternating transfer matrices commute each other if
and only if a = —a.

Commuting set of conserved charges are obtained® from moments of the transfer matrix
with respect to the spectral parameter u. By definition, the Hamiltonian is obtained from

alt(y, a)|y—0 where d = d/0u. The computational

the first moment of 72%: H = dlogt
procedure is standard in the context of alternating spin chain and straightforward. After

some computation, we found the 44 spin chain Hamiltonian acting on 4 residing sites as

L
H¥(a) =Y Hy1(a)
=1

5The following derivation of Hamiltonian is valid only for L > 2. This means that the energy eigenvalues
of the following Hamiltonian for the case L = 1 do not agree with true energy eigenvalues.



where
Hyp—1(a) = —(2 — a)l — (4 — a®)Por_1 2041
—(a = 2)Por—1,2041Kar—1,20 + (@ + 2)Por—1 2041K20 2041 (3.18)

Here, we scaled the Hamiltonian by multiplying (a? —4). By the same procedure, from the
first moment of 7*: H == dlog7!*(v,a)|,=0, we also found the Hamiltonian for the 44
spin chain acting on 4 sites as

alt Z sz

where
Hyg(a) = —(2+ a)l — (4 — a®)Par 012
+(a + 2)Pos 20+2Kop 2041 — (a — 2)Pop 201-2Kopt 12042, (3.19)
where we have replaced a by a using the relation @ = —a. See [d] for details of the derivation.

To have the spin chain Hamiltonian hermitian, as shown in [fi], we choose the parameter
a purely imaginary, a = iy. Moreover, since there is no parity symmetry mapping even sites
to odd sites or vice versa, we can have different coupling parameters and different ground
state energy density. Thus, the most general integrable spin chain Hamiltonian reads

Mh

Hygpg = [ (Hae—1(7) — €ol) + Je (Hae(7) — €cl) ] (3.20)

(=1
Here, having two mutually commuting spin chain Hamiltonians by our choice of the spec-
tral parameters, we introduced two coupling parameters J., J, and two ground-state energy
parameters €., €, for the even and the odd alternate spin chains, respectively. Overall, the
spin chain Hamiltonian depends on five parameters (J, €¢), (Jo, €,) and . Some of these
parameters can be fixed from considerations of underlying physics of the system. Overall
scale can be set to a choice of convention. If we invoke supersymmetry, the ground-state en-
ergy parameters can be fixed by demanding that all chiral primary operators have vanishing
energy. This still leaves out two free parameters in the Hamiltonian. For general choice of
these two parameters, the integrable spin chain Hamiltonian ([B.20) is parity non-invariant.

In the ABJM theory of N = M, the single trace operators had the exchange symmetry
4 < 4. This is the same as the charge conjugation symmetry, equivalently, reflection
symmetry in dual lattice. We thus put ¢ = 10 in that case. Here, however, since the parity
symmetry is broken, a priori, there is no reason we stick to this case. This implies that
the spin chain Hamiltonian for ABJ theory may belong to a family of Hamiltonian of the
above type. In particular, generically, the parity symmetry is broken.

Despite all these, in the next section, we shall find that the Hamiltonian that actually
arise from the planar perturbation theory turns out:

2L

1 _
Heg = Z)\/\;HZ,Z—HJ-H (3.21)



with
Hopr1,042 = |41 — 4P py0 + 2P o1 0Ky 41 + 2Pe,é+2Kz+1,z+2] (3.22)

viz. the choice J, = J, = A\/4, ¢, = ¢, = —6 and v = 0 in (B.2(). This Hamiltonian
is exactly the same as the spin chain Hamiltonian of ABJM theory except that the cou-
pling parameter A\? is replaced by AX. In particular, the Hamiltonian is completely parity
invariant. Stated otherwise, the parity non-invariance of the ABJ theory is not reflected
in the spin chain Hamiltonian associated with the single trace operators. We shall discuss
reasons behind this in section 5.

4. Integrable spin chain from Chern-Simons

In this section, we describe the two loop spin chain Hamiltonian by the direct evaluation
of the anomalous dimension matrix of the suggested operators.

In general, as well understood from general considerations of the renormalization the-
ory, the divergence in one-particle irreducible diagrams with one insertion of a composite
operator contain divergences that are proportional to other composite operators. There-
fore, at each order in perturbation theory, all composite operators must be renormalized
simultaneously. In addition, the wave function renormalization of elementary fields needs
to be taken into account. This leads to the general structure of the renormalization matrix:

Oftre Yoare: Vi) = Y Z4 508 (ZVren, 2V 1) (4.1)
B

For the operators we are interested in, this takes the form of
A A
Ofare = Z Z B(A)Ogn (4.2)
B

with the UV cut-off scale A. Therefore, the anomalous dimension matrix A is given by

_ dlogZ
~ dlogA’

(4.3)

Below we shall compute anomalous dimension matrix of the following single trace opera-
tor (B.) in the basis:

o) =T (Yhvj vyl vy ) (4.4)

The action for the N'= 6 U(M) x U(N) superconformal Chern-Simons theory is the same
as that of the ABJM theory except the change in the gauge symmetry and the matter
representation. We relegate its detailed structure to the appendix.

Basically, the Feynman diagrams and integrals for the U(M) x W theory with
M # N (ABJ theory) are not much different from those of the M = N one (ABJM
theory). The general power counting argument shows that the logarithmic divergence

arises only at even loops. Therefore, nontrivial contribution to the anomalous dimension
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Figure 1: Two loop contribution of scalar sextet interaction to anomalous dimension matrix of O.

again starts at two-loop order. For the bi-fundamental matter fields with indices (m, n),
any loops of the Feynman diagram involve a sum over the fundamental index m or the anti-
fundamental index 7 giving the factor M and N respectively. Then the planar diagrams
are now organized as a double power series of the two ‘t Hooft parameters A and A. At
two loops, the general planar contributions include terms proportional to A%, A2 and A\.
As we shall explain below, for two-loop anomalous dimension matrix, we find that all the
purely fundamental (A\?) and purely anti-fundamental ( A?) contributions cancel among
themselves and the remaining mixed contributions lead to the two-loop Hamiltonian:

2L
H Joops = A Z []1 —Proia+ %]P)Z,Z+2KZ,Z+1 + %Pe,z+2K£+1,z+2 (4.5)
=1
which is integrable clearly.

In this section, we explain derivation of the above Hamiltonian, not by repeating all the
computation and but just counting A and A factors based on the computation of ref. [.
Except these extra counting factors, all the remaining Feynman integrals are found to
have the same expressions. In particular, there is no extra diagram that contribute to the
Hamiltonian when M is taken different from N.

We begin with the three-site scalar sextet contribution. The Feynman integral and
numerical factors are all the same as the M = N case of ref. [f]] except A\? is now replaced
by AX. The Feynman diagrams are depicted in figure . One may check that the diagram
involving the scalar sextet potential has always one loop of scalar fundamental and the other
loop of scalar anti-fundamental. Therefore, the contribution is of mixed type and becomes

2L
- 1 1 1 1
Hg =X\ [511 ~Proro + SPreolKern + SPoeoKeri oo — 5Keen |- (4.6)
=1

Next we turn to the two-site gauge and fermion interactions. As shown in figure [, there
are three relevant non-vanishing contributions. The first is the diamagnetic gauge diagram
contributing as a I type operator. There are one scalar loop and one gauge loop. One finds
that the loop are always of the same type, i.e. either A* or A2. For M = N case the contribu-
tion for each site was —)‘TZH. Now one has an alternating contribution of —)‘TZ]I and —%]I or

2L
HE"E = (A4 3%) ) [ — éﬂ ] : (4.7)
(=1

On the other hand, the two site fermion exchange contribution is always mixed type
leading to the K operator. There could be also mixed I type contribution in principle but

— 10 —
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Figure 2: Two loop contribution of gauge and fermion exchange interaction to anomalous dimen-
sion of O.

kvl m
p k+p p w
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Figure 3: Two loop contribution of diamagnetic gauge interactions to wave function renormaliza-
tion of Y, Yt. They contribute to I operator in the dilatation operator.

they cancel among themselves with the specific form of the Yukawa potential we have.
Therefore, the fermion two-site contribution becomes

2L

Hp =M\ Ky (4.8)
/=1

The last diagram of figure f] describes the two-site gauge K type contribution. It is simple
to check that this contribution is of mixed type, whose expression reads

2L
auge \ 1
HE™ =Y { — 5Keem ] (4.9)
=1

We now turn to the contribution of the one-site interactions. Adding up all the two-
site interactions to the three-site interaction, we see that terms involving K operator cancel
out one another. So, up to overall (volume-dependent) shift of the ground state energy,
the dilatation operator agrees with the alternating spin chain Hamiltonian we derived. As
we are dealing with superconformal field theory, spectrum of dilatation generator bears an
absolute meaning. Therefore, to check the consistency with the supersymmetry, we shall
now compute terms arising from wave function renormalization of Y, Y. These are all the
remaining contributions to anomalous dimension of composite operator O.

Wave function renormalization to Y,YT arises from all three types of interactions.
Even though there are huge numbers of planar Feynman diagrams that could potentially
contribute to wave function renormalization, many of them vanishes identically or cancel
one another.

There are three types of non-vanishing gauge contributions as shown figures f-§. For
the gauge diamagnetic contribution depicted in figure [}, only the last one is of mixed type.
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Figure 4: Two loop contribution of paramagnetic gauge interactions to wave function renormal-
ization of Y, YT. They contribute to I operator in the dilatation operator.

- .k -
p—1 » w
(a)

» pt+k
(b)

Figure 5: Two loop contribution of Chern-Simons interaction to wave function renormalization of
Y,YT. They contribute to I operators in the dilatation operator.

For the M = N case, each diagram contributes respectively by —%‘—i}l, —;‘—il and %211 to
the anomalous dimension for each site, which add up to ’1\—;]I. For the present case, their
contribution is then

. AN A&
Hi = | - 1 22N 4.1
z [ 21 2476 ] Z; (4.10)

The contributions of the gauge paramagnetic interaction in figure f§ are obviously all mixed
type. Hence, their contribution becomes

HY%™ = =231 (4.11)

The contributions of the Chern-Simons interaction in figure J| are of types A\? or A2, Its
contribution now becomes

o )\2 Xz 2L
5 = [FJFE]ZH‘ (4.12)
/=1

The fermion pair interactions to the wave function renormalization are depicted in
figure | and they are all of mixed type. Their contributions are

yukawa | 4 2L
H™ =D\ 2 +1 > I (4.13)
/=1

Finally, we consider the two-loop contribution from the vacuum polarization. Since the
Chern-Simons gauge loop and the corresponding ghost loop contributions cancel with each
other precisely, only the matter loops have the non-vanishing contributions. The non-
vanishing two loop contributions of vacuum polarizations are all mixed type, which are
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Figure 6: Two loop contribution of fermion pair interaction to wave function renormalization of
Y,YT. They contribute to I operators in the dilatation operator.
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Figure 7: Two loop contribution of vacuum polarization to wave function renormalization of Y, Y.

depicted in figure [{. Their contribution is
8AA
M = —— E I. (4.14)

Summing up all these wave function renormalization to Y, YT, we find their contribution
to the anomalous dimension matrix as

A2 N2 &
Hy = [§+§+7L§:}H. (4.15)

One can see that the A2 and A2 contributions in (.15) cancel with those of ([.7). Thus,
one finds that only mixed type contributions remain. Adding up all contributions,

Hiotal = Hp + H"® + Hyp + H5"* + Hy (4.16)

we get the result ([L5). As claimed, this is precisely the parity-symmetric alternating spin
chain Hamiltonian we obtained from the mixed set of the relevant Yang-Baxter equations.
Finally, let us comment on the two loop wrapping interaction of L = 1 case as a
checkpoint of internal consistency with N' = 6 supersymmetry, extended to M # N.
The 4 ® 4 representation is decomposed irreducibly into the traceless part, 15, and the
trace part, 1. The multiplet 15 is chiral primary operator, so their conformal dimension
ought to be protected by supersymmetry. However there is no contribution of three-site
scalar interaction. Thus naively, the protection of the above chiral primary operator is not
possible. However, spectrum of the gauge invariant operator of length 2L = 2 will receive
contributions from wrapping diagrams already at leading order, which we will identify.
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Figure 8: Two loop wrapping interaction contribution to the shortest gauge invariant operators.
(a) fermion field wrapping, (b) gauge field wrapping, (c) a new gauge triangle.

From the above computations, the sum of the two-site and the one-site contributions is
11 1 —
H2+H1:>\/\[§K+§]I]><2:/\>\[K+]I], (4.17)

where the multiplication factor two comes from the number of sites.

The wrapping contributions in figure f are all mixed type. The evaluation of the
corresponding Feynman integrals are the same as the case of M = N except replacing A2
by A\. The results is

erap:AX[HJrz(K—H)—K]:AX[K—H], (4.18)

Putting both the original and the wrapping diagram contributions together, the full Hamil-
tonian of 2L = 2 operator is given by

Hyr—9 = 2\ K. (4.19)

Notice that the part proportional to I operator is canceled between the original and the
wrapping interaction contributions. One thus check that the chiral primary operators 15
indeed has a vanishing anomalous dimension since, by definition, it has no trace part and
is annihilated by K operator. For the singlet 1, |s) = $|II), the anomalous dimension is

H|s) =8 A\ |s). (4.20)

So far, we computed the spectrum of the shortest operators without a priori assumption
of supersymmetry. As a consistency check, we now compare these spectra with their
superpartners. Recall that length 2¢ operators with Dynkin labels (¢ — 2m,m +n, ¢ — 2n)
and length 2¢ —2 operators with Dynkin labels (£ —2m, m+mn—2,{—2n) are superpartners
each other. Here, we have the simplest situation: the L = 1 operator 1 of Dynkin labels
(0,0,0) is the superpartner of L = 2 operator 20 of Dynkin labels (0,2,0). Using the
results of ref. [ff], the anomalous dimension of the latter can be found as 8A), and matches
perfectly with our computation.

5. Further discussions

The most salient feature of our results is that, though the Yang-Baxter equations and hence
the integrability structure permit it, the spin chain Hamiltonian derived from the ABJ the-
ory at two loops does not show parity symmetry breaking. In this section, we elaborate
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further regarding this result and also provide intuitive (albeit heuristic) argument for the
reason why.

e Weak coupling limit: closed spin chains
The spin chain is, roughly speaking, weak coupling counterpart of the semiclassical
string propagating on AdSs x CP3 with discrete Byg holonomy. On the other hand,
the supergravity dual background of the ABJ theory is given by

1
ds? = R? st2(AdS4) + ds?(CPs3)

R2
2¢ __ s
e ¢ = ﬁ
Fy = gkRga
Fy=kdw=%kJ
Bns =0bJ, (5.1)

where J is the Kahler two-form threading the CP' inside CP3. Notice that the
curvature radius is

R?2=237VX, (5.2)

is exactly the same as the background of ABJM theory, viz. the curvature radius
remains unchanged by turning on the Bng holonomy. As such, the spectrum of light
fields is unaffected by the discrete Bng holonomy. This is consistent with ABJ’s
claim that the spectrum of all non-baryonic chiral primary operators is independent
of b but also goes beyond, asserting that all string spectrum is independent of the
discrete holonomy.

Given that the spectrum of chiral primary operators is independent of b, it is not sur-
prising that the spectrum of all single trace operators (R-J) is also independent of b as
well. Consider a closed, semiclassical string propagating in the background (5.1). The
string is macroscopic and propagates freely with the worldsheet topology of cylinder.
This is the strong coupling counterpart of a single trace operator in the planar limit.
Since the worldsheet has topology of cylinder, the integral over the pullback of the
discrete Bng holonomy would be zero. ABJ argues further that, at strong ‘t Hooft
coupling regime, all the U(M); x W_k theories with M = NN +1,..., N+ k
are all similar to each other, since the only difference is the discrete Bng holonomy.
Extrapolating this to the weak ‘t Hooft coupling regime, it then seems that all these
theories are identical to all orders in the planar perturbation theory. Our result that
the spin chain Hamiltonian of single trace operators is parity invariant fits to these
ABJ arguments.

On the other hand, if the string trajectory wraps around CP; over which the dis-
crete Byg holonomy is turned on, the integral will be nonzero. In fact, this leads to
the worldsheet instanton effect whose strength scales as exp(—+/)A). Transcribed to

— 15 —



the weak coupling limit, we conjecture that these worldsheet instanton effects may
correspond to a class of unsuppressed fluctuations of the length of the single trace
operators. These fluctuations are not generic ones, since they must be the counter-
part of worldsheet topology of sphere. At present, though, it is unclear what precise
nature of these fluctuations are.

Putting these considerations together, the (M — N) dependent effect is completely
suppressed at the strong ‘t Hooft coupling limit (modulo worldsheet instanton effect)
and is most pronounced at the weak ‘t Hooft coupling limit, as reflected through the
coupling parameter AX = A\2(1+ |b]). Still, we found that the parity symmetry break-
ing effect, proportional to the sign of (M —N), is invisible in the single trace operators.

Strong coupling limit: giant magnon

Is the parity symmetry breaking visible at strong coupling limit, A, \ — co? Because
of quantum consistency, as discussed in section 2, the coupling parameter b is re-
stricted to a discrete value ranging over [0, 1]. Therefore, in the limit A\, X — oo, we
expect that parity symmetry breaking effect is completely suppressed to the order
O(1/X,1/)). Below, we confirm such expectation by demonstrating that the spec-
trum of a giant magnon in the gravity dual of the ABJ theory is exactly the same as
that in the gravity dual of the ABJM theory.

We parametrize the CIP3 metric as

in22 9 9 2
ds? = de? + 2 £<dw+f”§1d¢1—‘”;2¢m> + 7 cos” £(d6F + sin® 01de})
1
+Z sin? £(d#3 + sin? f3d¢3) (5.3)

The Bng potential is

Bnsg = —g (sin 2¢d€ A (2dey + cos B1d¢py — cos Hades)

+ cos? Esin 01d6; A depy + sin® € sin Oadby A d(bg) . (5.4)

We work in the conformal gauge-fixing and choose the static gauge t = 7. We set
¢ and 1 fixed and identify #; = 0 = 6 and ¢1 = ¢ = ¢. That is, we restrict the
solution to the diagonal SU(2) sector.

The relevant bosonic part of the Type IIA superstring worldsheet action becomes

S = /dT /_ do [”m< (02)° +(1 - 22)(a¢)2> + %(2& —2¢) (5.5)

A \1—22

where z = cos 6. In this set-up, the Virasoro constraints

) 12
A=A e = 1,
2 - =0 (5.6)
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have to be imposed as well. The energy density is uniform in the static gauge and
the string energy is proportional to the spatial coordinate size:

TV 2\

E = 2r. (5.7)
2
With an ansatz,
z=z(c—wwt), ¢=wr+plc—rwt), (5.8)
the equations of motion are reduced to
= (2as ) aw o
(1 — v2w?)2 02
2 1
/ w? 21t (5.9)

v (1 —22w?) 1-—22

The equation of motion is not affected by the Bng field. The worldsheet momentum
p is from the fir(a:_)/ with z_ =t + ¢, which equals to A¢. Hence it is independent
of b. The expression for the angular momentum is affected by

J = /_ (”f(l — )¢ - %z') (5.10)

but, on the solution, its value does not change due to the boundary condition of

z(—r) = z(r). The general solution can found as [24]

\/1—1)2d < o— T )

(5.11)

n )11
wy/n \/ﬁw/l—zﬂ

where dn(o, k2) is the Jacobi elliptic function and we introduced the parameter 7 by
1 — w?v?

n= 20— (5.12)

The range parameter r is given by V1 —v%,/mK(,/n) where K(z) is the complete
elliptic integral. For simplicity, consider the infinite size limit w — 1.7 The solution
in this limit becomes

2 =+/1— vZsech <%> . (5.13)

with the worldsheet momentum given by p = 2cos™ ! v. The spectrum
E—J:\/2)\‘sing‘ , (5.14)

remains unchanged, thus showing no b-dependence nor parity symmetry breaking
effect.

Tt is trivial to extend the following analysis to a finite size case.
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e Weak coupling limit revisited: open spin chain
Though effect of the discrete Byg holonomy is invisible to closed strings (up to the
aforementioned worldsheet instanton effect), the holonomy certainly affects spectrum
of heavier string states such as D-branes that wrap around CP; over which the discrete
Bns holonomy is turned on. These D-branes are giant gravitons and di-baryons and
their excitation is described by open strings attached to them. Again, as for the closed
string case, we see that the effect is suppressed in large ‘t Hooft coupling limit, while it
could be pronounced in small ‘t Hooft coupling limit. From the string worldsheet ac-
tion (B.3), we expect that the boundary condition gives rise to at most O(1/)) effect.

Transcribed again to the weak ‘t Hooft coupling regime, a natural setting where
the parity symmetry breaking can be seen is the open spin chain attached to gi-
ant gravitons or baryonic operators. The effect of (M — N) should be reflected to
possible types boundary condition of the open spin chain. For example, since the
Byns holonomy takes (M — N) discrete values, we expect that there are (M — N)
types of boundary conditions. For gauge group U(M) x W, the baryonic operator
€ayomay €1 ONY 1o, oy INaN, i not a gauge singlet but transforms as (M — N)-th
antisymmetric product of fundamentals of the U(M) gauge group. It is natural to
expect that the (M — N) types of open spin chain boundary conditions are associ-
ated with the multiplicity of these baryonic operator. For N' = 4 super Yang-Mills
theory, such configuration of open spin chain was studied [PJ]. In fact, boundary
reflection matrices were determined for the tensor structure [2g] and for the dressing
phases 27, P§|. We expect similar development can be made in the ABJ theory with
the new twist of the multiple boundary conditions. We are currently investigating

this and will report the results elsewhere.

Finally, since the spin chain Hamiltonian of the ABJ theory takes the same form as the
ABJM theory, diagonalization of the transfer matrices proceeds the same manner. Thus,
the Bethe ansatz equations of SO(6) sector [f, ] and of full OSp(6|4, R) [{] will have exactly
the same form except that A2 of the ABJM theory counterpart is now replaced by A\.

Acknowledgments

We are grateful to Ofer Aharony for many useful correspondences and to Matthias Stau-
dacher for many illuminating discussions. We also thank Anamaria Fonts and Stefan
Theisen for discussions on several issues related to discrete torsion. This work was sup-
ported in part by R01-2008-000-10656-0 (DSB), SRC-CQUeST-R11-2005-021 (DSB,SJR),
KRF-2005-084-C00003 (SJR), EU FP6 Marie Curie Research & Training Networks MRTN-
CT-2004-512194 and HPRN-CT-2006-035863 through MOST/KICOS (SJR), and F.W.
Bessel Award of Alexander von Humboldt Foundation (SJR).

— 18 —



A. N =6 UM) x U(N) super Chern-Simons theory

e Gauge and global symmetries:

gauge symmetry :  U(M) ® U(N)
global symmetry : SU(4) (A1)

We denote trace over U(M) and U(N) as Tr and Tr, respectively.
e On-shell fields are gauge fields, complexified Hermitian scalars and Majorana spinors
(I =1,2,3,4):

Ay s Adj (UM)); A, : Adj UN)

Yyl = (X1 +iX°, X% +iX0, X3 —iXT, Xt —iX®) (M, N; 4)

Y= (X' —ix5, X% —iX0 X3 4iXT X+ iX®) (M, N;4)

\I’I = (? +ix? =y —ix!, Pa — ixa, —3 +ix3) : (M,N; 4)

= (b2 — ix2, —1 +ix ¥t +ixt = —ix?) (M, N;4) (A.2)
e action:
k 2i k 2
= Py A0, A —AmAnA Py (A, 00 A, + = A A A
/R1,2[47T€ ( OnAp + p) Am r( o p+3 p>

1
+§Tr( (Dpm Y)TDme+z\I/T11p\1/I>+ Tr( DY (DY) +z\1/117>\1/“)
A.

~Vp — VB] (A.3)
Here, covariant derivatives are defined as

DY =0, Y +id, Y — Y4, DY/ =0,Y] +id,Y] —iY[A, (A4)

and similarly for fermions ¥, UL, Potential terms are

2
Ve = ZZT [Y}TYI\I’TJ\IJJ _ QY}TYJ\I’TI\I’J + EIJKLYIT\IJJYIT{\I,L}
-
—%Tr [YIYIT\I/J\I/TJ —ov!yfw,uts 4 eUKLfoIﬁJYKxIﬁL] (A.5)

and

121\ —
Vg = = <%> | VY Y)Y Ry - vy Yy vy R

Y YVIYIYIvIivE —evivivivEyLy? (A.6)

At quantum level, since the Chern-Simons term shifts by an integer multiple of 872, k
should be integrally quantized.
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